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We consider the problem of optimal control of the processes described by second
order partial differential equations of the hyperbolic type, The present case dif-
fers from the problems analyzed [1-3]; here the control parameters appear in
the right-hand side of the equation as well as in the boundary conditions, We
construct the necessary conditions for a minimum of the functional, writing them
in the expanded form, We illustrate the method by solving the problems of opti-
mal loading of rods, and the problems include those with continuous and discon-
tinuous Lagrange multipliers, We also give an example of a specific optimal con-
trol in the problem concerning the minimum of the total energy of the rod,

The most important part of the present paper which sets it appart from the work
of the other authors who studied the analogous as well as the more general prob-
lems, concerns the investigation of discontinuities which the Lagrange multipliers
undergo on the characteristics of the equation, and of the resulting changes in the
terminal and boundary conditions, The discontinuities in the Lagrange multipliers
were first studied in [4] in the course of solving variational problems of the gas
dynamics, The above paper as well as a number of later papers, all made wide
use of the discontinuities in the Lagrange multipliers on the characteristics, and
of the discontinuities in the variables describing the state (shock waves and tan-
gential discontinuities),

1, Statement of the problem, We consider the following partial differen-
tial equations and other relations defined in the two-dimensional space Q (¢ < = < b,

CSYS d): L(2) = a12,x — QpZyy + a3z, + a2, = [z, ¥y, z, u) (1.1)

Py (z, ¥, w) =0, E=1,..,r<m

Here 1z, z,, 24y and z,, denote the first and second order partial derivatives of the
function z (z, y) which is to be determined, while u = (uy (%, ¥), . . ., Um (2, ¥))
implies the m-dimensional vector of the piecewise continuous distributed controls,

The following initial and boundary conditions are assumed given:

z(a, y) = @ (¥), 2xla, y) = @ (y) (1.2)
¢ = ¢ lz, z(z, ¢), z,(z, ¢)] =0

g =2, (x, d) — glz, z(z, d), v(2)] =0

Yo (2, V) =0, 1= 1,.. ,n<m

where v (z) = (v, (2), . .., Um, (X)) is the vector of the piecewise-continuous
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boundary controls, At the boundary x == b the conditions

X] [Z (b’ ylo)? e 2 (b7 ymxo)] - O’ l: 11 ] r2< ma (]"3)

connecting the values of the function z at the fixed points (b, y,°), v =1, . . ., m,,
Yy, = c¢ and Yp" = d,may hold,

Let us pose the following optimal problem: to find amongst the surfaces satisfying
(1,1) within the region Q and the conditions (1, 2), (1. 3) at the boundaries of Q , a
surface which minimizes the functional

J = SSfO(xv yv Z, u)dx dy _f_ Sgo [.1', Z(I’ d)’ v(x)] dl‘ + (1.4)
Q a
d

S(PU [y’ Z(b, y)’ Zy (b7 y)v Zy (b7 y)]dy + XO[Z (b7 ylo)’ L Z(b, ymac)]

C
The coefficients a; (r, ) appearing in Eq, (1,1) and the functions f, ¥y, ¢, P21 P,
Vacs & %j» for 80 @, @301d Yo are assumed continuous together with their derivatives up
to the third order inclusive,

2, Necessary condition of statfonarity, The problem formulated
above represents the two-dimensional Bolza problem of the variational calculus, Lem-
mas can be proved for this problem on the imbedding of the surface £ minimizing the
functional (1, 4) into one-parameter or a multi-parameter family of comparison surfaces,
We can use these lemmas to prove the following necessary condition of stationarity of
the functional J : the necessary condition forthe functional J to assume a miuiium
value on the surface E is, that the equation

AI =0
b

1 =\\hL(@) 4+ Hydedy + \(vege + vazy (2, &)+ hdz + @D

Q a

holds on this surface, Here

d
Vv 12 (@, 9) — @)+ Ve (22 (@, ) — @u] + 9o} dy -+

4

X [z (bv ylo)v L) z(bv ymao)]v H = fo — 7‘f + 2 P‘h“px
k=1

ho==gy— Vi + 2 MacPaes % =10+ D Piki

T=1 j=1

where A (z, ¥ b (2, Y), Bas (2), V1 (B), V2 (), Ve (), V4 (2) and p; are the un-
determined Lagrange multipliers, The first variation of 7 is denoted by A[f

Repeating the manipulations described in detail in [2], we obtain the variation AJ in
the form

Al = a\g ([ + Sz (2.2)
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E—-Gum dedy 4 3 2 (ANAzy
=1 j==

=1
{——— A}\‘_\f —— 2}3?\‘g -% 027\) AZ {237\;23\; + A 7\.235 4= lez_\r -+
(— agny + agny — ZBp‘l)M + {Ahy -} 2Bk, —

: Mises
G\ zy -+ H) 8Ny ds + Z Z (Bhdz — B (z,da -z, dy)l s +
j==) jual
ka—%‘mn 117
> S [vidzi(a, y) +v82 (@, 1l dy
j=k 1y
kptme "
S vl e 40+ G 82 (0, )| @
jf-h‘cj‘“l Xjey
ktmy N ah
S [zt d)+ 55 (2 d) -
I a‘d—i x5y
o ok B g I og
JPn f 0
S gt 3 {§ (S -ma)aueo
=1 ]—&b+l Hi-1
P ¥
a*vo Az,x(b y)]dy 4 [ Fo dz (b, y) -- ( — %Zody]uj *[_{_
W =1
v; W dz (b Yy ) = {}
M) = (QI}),&\ {a,) Y B (a‘i%}‘) x T (aé?‘)y
A =an® — an,t. B = —(ay -+ a)mn,, A= agng® — a.n®

G, = azny + aghy - A'p7Y Gy == Gy — Ay — 2B, — ApT?

Here n; and 7, are the direction cosines of the normal to the curve in question, p is
its radius of curvature, »n is the number of the elementary regions w;, t; is the num-
ber of corner points on the boundary S; of each elementary region; m,, m,, my and
m,, denote the numbers of the elementary regions with the lines oz == g, y == ¢, y == d
and 2 -= b as the corresponding boundaries Xy, k., kg and &, are the numbers from
which the sequential numbering of each of the above regions begins, 4y and B, are
the derivatives normal and tangential with respect to the arc of the curve under consi-
deration,

Using (2, 2) and applying the usual arguments, we can conclude that the coeffcient
accompanying each variation must be equal to zero, Consequently, we have the follow-

ing equations M@G)=—0H ]z, 0H/6u, =0, k=1, ., m (2,3)

which hold in each of the elementary regions ;.
The conditions
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A = Ayt, AT =AY, H-=H*

must hold along the noncharacteristic boundary lines of ®; lying inside the region Q,
while along the characteristic lines we have

—2B (A — A+ G (A~ — A7) =0
The following condition must hold at each corner point lying inside the region Q [2]:
M —hFAg—2A =0

Analyzing the terms containing the variations Az, (z, ¢) and Az {(z, c) for the
segment ¥ = ¢, @ < z < b of the boundary, we arrive at the following relations:

agh = v.0¢. / 0z = (2.4)
Y =c
ahy + (@y + ay)h = — v 09,/ 0z

for each boundary region with ¥ = ¢ as the boundary, When d¢, / 3z, 5= 0, the fol-
lowing relation must hold at each corner point lying on the boundary y = ¢ and not
coincident with (a, ¢) and (b, ) :

Az —0, ¢)—20(x, )+ A(x+ 0, ¢)=0

At the boundary y = d we have
ah = Vg, Gyhy + (ag + ay,) A = ok / 3z (2. 5)
(‘tf o d)
3;&!683:, t:/i,«.-,ml

for each elementary region ®; with ¥ = d’as the boundary, The following relation
must hold at each corner point lying on the boundary ¥ = ¢ and not coincident with

(@, d)and (b, d)z ) (0 ¢ d)—22(z, d)+A(z+0,d =0
At the boundary & == a the relation
ah = —vy, @Ghy — (@3 — G )h = vy, T =20

holds along those boundaries of the elementary regions which coincide with z = a.
It is possible that at the corner points lying on the boundary z = a

Aa, ¥y —0) — 24 (a, Yy +A(a, y+ 0) =0

i, e, the Lagrange multiplier ), may undergo a discontinuity at the boundary z == @ on
one or two characterisitcs of Eq, (2, 3),

The following conditions obtain for the segment r = &, ¢ << y <C d of the bound-
ary, in each elementary region with z = b as the boundary

aGh = —0g,/ 02,, =10 {2.6)
alxx — (03 —_ g]x) R« == aq)() / az — (d / dy) (aq)() / 6211)

At each corner point on the boundary z = b and not coincident with (b, ¢) or (b, d),
we have

A, y) =Yy h(b, y — 0) — Y& (b, y + 0) + (aa)~ [0y ] (2.7
! 8z (b, y) — 8@,* | 0z, + d¢,~ [ 9z,) (x =b)
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oy, 1 0z (b, y) — {(9%/ 020(1% ) y#z/f
’ ¥Y5=Yv

The following relation must hold at the point (&, d) ¢ 2.8)

A(b—0, dy — A(b, d— 0y — (aya)l dy / 0z (b. d) -+ d¢,/ 92, | y=d]

while at the point (), ¢) with g, / 0z, 5= () we have 2.9)

A(b—0,c¢) = A(b ¢+ 0) — (aya,)~" [0%/0z (b, ¢) — dg,/ 0z,] ;]

In addition to the conditions obtained above, another condition analogous to (4, 14) of
[2] must hold at each corner point (5, y3) For the present case this condition has the

form

2 By Tai+l

2 3 eulnt | dade) =[an —a0 o -
o=1 o oy

- aq)o+ a(p0~ . )
Po — 8z” Z!/+ “{‘ "—a'zu"“ 2y 0, x = b, Y = I/J
Oy i:::i,d:i,z or i:Z,...,ka, ka—ij‘_a.odd
=l — g0t — e (v ) (5 — 8 L,
'\3\11 {go ga /2 d d K , == 2,...._, ka, ka — i 4 o-even
Fo(Zys d)

A1l the remaining quantities have been determined in [2]

8, The necessary Weierstrass conditions for a strong minimum,
Let us now establish the necessary Weierstrass conditions for the strong minimum, These
conditions will include a condition at the internal points of the region 2, and a condi-
tion at the points of the boundary ¥ == d. The first of these conditions was obtained in
{37 and it has the following form:

IZI (flf, u, Z, U, K. ;") />/ H (x, Y, 2, U, M’ ‘;\’) (3.1)

where U denotes any admissible control and x denotes the control which produces the
required surface,
The second necessary Weierstrass condition of the strong minimum can be represented

by the inequality (z, 2, V, vy, ug) > b (2, z, U, Vg W) (3.2)

V= (Vlv s me)’ Bg —= (“dla <y Mary)

where V' denotes the admissible control parameters, i ; are the Lagrange multipliers
and v is the control yielding the required surface, The condition (3, 2) is proved below
in Sect, 6

Thus we see that for the surface to minimize the functional J it is necessary that the
condition of stationarity (2, 2) holds, that at each internal point of the elementary regions
the Weierstrass condition (3, 1) is valid, and that the Weierstrass condition (3, 2) of strong
minimum holds at each point of the boundary ¥ == d which does not coincide with the
corner point,

4, Construction of optimal loading of a rod by a concentrated
force, A rod of constant cross section is given, It is clamped at one end, and a con-
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centrated force is applied at its other end, The equation of motion of the rod in the region
QO <<x<<T, 0y <! hasthe form
Zpx — %2, = 0 (4.1)

Let the initial and boundary conditions be given by
20, y) =2:(0, y) =0 (4.2)
z2(z, 0) =0, z,(z, ) = v, (2), |v,(a)] < F (4.3)

To solve the optimal problem, we must pass to the open domain of definition of v, (z).
This can be done by introducing an additional control v, (z) [3] and constructing the

relation Y= F —p? vy = (4.4)

We formulate the optimization problem as follows: to find the control v, (z) which im-
parts to the functional (1,4) at f, = 0 a minimum value, In accordance with our as-
sertions we introduce the undetermined Lagrange coefficients A (z, y), v; (¥), v, (y),
v, (x), v, (x) and p, (). For 2 the Euler equation has the form

}\xx - a'z}“yy =0 (4. 5)
The formulas (2, 4) and (2, 5) yield the boundary conditions
Az, 0) =0, ak,(z, ) = —dg,/ 9z (4.6)

Ve (2) = ahy (2, 0), vq(2) = ah (s, 1)

and the equations
—Vg — 2”,(]'\71 = O, —Zuduz = 0 (40 r7)

connecting the controls v, and V,. From the necessary condition of Weierstrass (3, 2) we
can obtain the following control in the form:

v, (2) = F sign v, () (4, 8)

Let us consider the functional T
J':Sz(x, I)dx (4.9)

0

Formulas (2, 6) yield the terminal conditions
7"(T7 y):xx(T7 y):(), O<y<l (4.10)

Solving Eq, (4, 5) with the terminal conditions (4,10) and the boundary conditions (4, 6),
we can find A (z, y) and v, ()

At (2K + 1) 7t (z — T)
Vg () = n—g’go PR [cos 57 — 1] (4.11)
From (4,11) it follows that v, (z) < 0, therefore v; (x) = —F. Substituting the con-

trol obtained into the boundary conditions (4, 3) and solving Eq. (4,1), we find z (z, y)
and hence the functional
o Fi azy n azy
J=— g == (1 —Tﬂ

n = entier [aT / (2D}, x, =T — 2nl/ a

Let us now consider the functional
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!
J =21, y)dy (4.12)

0
In this case the terminal and boundary conditions for the multiplier A assume the form

AT, )= —1, 2 (T, y) =hr(x, 0) =h,(z, ) =0 (413)

from which it is evident that at the point x == T', y = 0, the multiplier A has a dis-
continuity, We find the solution of (4, 5) with the discontinuous initial conditions by
employing the procedure described in detail in [3], Analyzing the sign of the Lagrange
multiplier v ; (x) and the Weierstrass condition (4, 8) we obtain the following formulas:

v () = (=)W, z, <a<a, i=i,..,nfl

2, =0, z; =T —1la—2n—illa, Zpy=T
= entier [1 + aT / (2]

— FTa?, 0T <1/a
I = Fla(—2n+1—az; /1), T>1]a

Let the functional J be written in the form
J=—alz(T, )+ \ (T, y)dy (4. 14)
0

In this case the terminal conditions for A (x, ¥) are obtained from the formulas (2, 6)
and (2, 8)

M, y) =0, A (T, ) =1, 0<y<<l, MT, D) =al/a (4.15)
The boundary conditions remain unchangéd. From the conditions (4,15) and the boundary
conditions (4, 14) it is clear that A has a discontinuity at the point (x = 7, y == I).
Using the procedure for obtaining a discontinuous solution given in [3], we find A (x, ¥)

d the control i
an e T Ul (-T) L’, (1) (‘,1)H~1F‘ ‘Ti~1 < x < J.i (4.16)
for o << () and

]’ (= )T, py—alja < x <y

vi(a) =8 (= 0)F, ay balja<a<la;—al/a (4.17)
l’_ ("’“ 1)”_iFv Lioyg <L x <(l'i_1 ol ja

P-4, ..., n 1, n=entier [a? [/ 2)], x,- 0,

.Z'i=TA_2l()¢—i—1—i)//(l
for 0 << <C1.
With the control (4, 16) the value of the functional J is J = J,, whilewith (4,17)

we have J = J, -i- J,, where
- ]Fﬂ [—n+ 2an -+ aax, /| — a®r? [ (20)?], 0o, <l/a
PR —n— 1 20n toaxy /L 2 —axy DY La <o <<2l/a
(FI2[— 2no* — 20ax, [ 14 a2 /13, O<Cxy<Cal/a
J, = {FP(—2na?—a?), al/ja< s < 2lja—al/a
FI2[— 2na?—202 - bo— 20ar, | {—(2—axy [ 1)*], 2l Ja—al ja<u<l2l | a

0

5, Example of a particular control,A problem on the minimum of the
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dynamic coefficient was solved in [5] and a load under which this coefficient is equal
to unity, was found, Evidently, the problem on the minimum of the dynamic coefficient
for a one-mass system is equivalent to the problem of the loading under which the total
energy of the systemn becomes minimum at the specified time, For the system with dis-
tributed parameters, we can also pose a problem in which the loading is such that the
oscillations about the statistical equilibrium are as small as possible, In analogy withthe
one-mass system we shall use the total energy of the system as the criterion of optimality,

Let us formulate the following problem: to load a rod of constant cross section clam-
ped at one end, with a force P applied at the other end for a time ¢ {z < T insuch
a manner, that the total energy of the rod is minimum at the instant T , The problem
is described by Eqs, (4,1)~(4, 3) in which the last inequality is replaced by

0o (@) K F = P/ (cE)
where ¢ is the area of transverse cross section and £ is the Young's modulus, The total
energy of the rod is proportional to the functional
!

J= 2 (T 0+ e ey (T, §) — zmy W1 dy
)]
where z., (y) denotes the statistical displacement of the rod under the action of the force P,

The Lagrange multiplier A (z, y) satisfies Eq, (4, 5) together with the boundary and
terminal conditions

Ma, )= My (x, ) =0 (5,1)
AT, y) == =2z (T, y), Oy (5. 2)
AT, D= i{T, I —0)— 28z, (T, D) — zymy ]

Ao (T, ) = —24° [Zyy (7, ¥) — Zemyy nlh, 0yl

The above prob-
lem was solved
using the gradient
\ method with # =
A=Fla A=Fla - a=1=1,and

¥ ¥ FLr

A=0 _ A

the discontinuous
b part of the multi-
oz} :
1 5 plier A (z, ¥)
governed by the
Fig, 1 Fig, 2 second relation
of (5,2) was com-
puted separately, This gave the solution vy (z) = ¥/2F. It was found that such a control
gives an exact solution of the problem posed above, We shall show that the control satis-
fies all necessary conditions obtained previously, Substituting v, (x) = Y2F into the
boundary conditions (4, 3) of Eq, (4.1) and solving, we obtain

2 (— 1) 2% 1)y max| . (2k-+1) Yy
z(x,3l)zé.@_2(2(—lﬁ7_%2[1«—cos( +2[) ax]sm( o7

e k=0
Solution of {4, 5) gives

AFle < (— V[ 2k 1) max
7‘((3:'9):— ﬂaz‘(Zk-—{-)iLSin( +2i e
=0
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i (kA Dma (T — )] 2k FOay 0, =zyed\o
3t 21 sin 21 2Fla, =z, yeEo
Figure 1 shows the multiplier A (x, y) in the region Q. We see that vy (x) = @i (x,
1) = 0. hence the control v, (x) is a particular one, It can assume any admissible values,
The functional is given by the formula
(K |t—al'[2D), T<2l/a
< L ()’ 2l > 2[/ a
i.e, in the period 7 = T* = 2// ¢ the rod can be loaded in such a manner, that begin-
ning from the instant 7*, it will be in the state of static equilibrium,

T(T)

8, Proof of the condition (3.2). The necessary Weierstrass condition (3, 2)
of strong minimum can be obtained as follows, We take the normal surface £ which
minimizes the functional /. We choose at the boundary y == ¢ the points «° and ° =
z° 4 e not coinciding with the corner points in such a manner that the segment [2°, 22°]
belongs to any one of the elementary regions w;, and draw from the points (z°, d) and
(z:°, d) the saw-tooth curves Q; and (. consisting of the segments of the characteristics
of the families ¢ and D (see Fig, 2), We construct the following admissible family of
functions :

z (.‘t, y)v uy (.Ii, .I/)y ty (I), T, Yy e Ql, k= 1, ey M (6,1)
Z (Iv y)7 Up (.l, y)v Vt (x)v X, Y= Qo
3 (ev Ly .1/)1 Up (33, y)» Uy ($)1 x, Yy = 93, t = 1, ey My

which includes the surface £ at e == 0. Here V; (z) denote any controls satisfying the
last equations of (1, 2), The following conditions hold at the boundaries of the regions

Q;, @ and Q,: .
! i 2@ lp=Z @ p  Z(, .’/)IDe =z (e, &, y)l[)e (6.2)

while on the remaining segments of the lines ¢; and Q. the conditions
z(e, x, y+0)=1z(, x, y— 0) (6, 3)
hold, The variations of the family (6, 1) over the parameter ¢ on the surface £ (e = 0)

are 8z (2, y) = (dz/ de),_ode =0, =z, ye& QU Qe
Sup (2, y) = (Oup / de)y_gde =0, k=1, ..., m
By (@) = (dvy/ de), g de =10, t= 1, ..., m

because altering the boundary controls at the point #2° changes z (v, y) in the region Q,
and the functions u, (¢, ¥) and v, () are independent of the parameter ¢, On the char-
acteristic D, the variation 6z satisfies the condition
7 o — = ()
1(Zy zN)SN]De 6z ]Ue, e
which is obtained by differentiating the second condition of (6, 2) with respect to e, The
same differentiation of (6, 3) yields
[(ZN— 4 Z1V+)6N]Qz = (82— 827) Jge bz* 'Qx = b7 |Q1
since the coordinates « and vy along the line (), are independent of e; Substituting the
functions (6, 1) into the functional (2, 2), differentiating in ¢ for ¢ == 0 , we obtain

Al = <%>Od téz[/ﬁ(Z)*L‘(Z) 1T — HT]8N ds % {§§[M(x)+
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%I-z{—] bz, dzdy+§[Al,6zN—f— (— Ahy — 2Bh, + G2)) 6z)ds - 2 [BMSz]M”“—[—

J=1

]\'c'+’mc’ X aq) kd de; x]

ok } < ij[ 52 0% CH— i 61/'1 (@ C)] dz 4 ) [vd].ézjy (z, d) +
TR oy L S

! oh ky'+my Vi s

\Be Joma “| 5T \ (290)  ged
(Tt m@searned by 0\ (5 )ttt

=k Y
[(@0™ — o*) 8y2°] -+ ( )_0 b

— O
xkc, = 1, xk am = = b, k ,==2°, xkd'“"d' =b, zkb, =e¢ z,

pmy T d
Here the primed quantities denote integers determined in the same manner as the un-
primed quantites, but referring to the region Qg, the plus (minus) sign is taken for the
characteristics with the derivative dy/ dz greater (smaller) than zero,

First, we note that the Lagrange multiplier A and the function L (z) + H are both con-
tinuous along the line Q. , This is because (: is not the line of the surface £ minimiz-
ing the functional J. When e = 0 we have 8z [y, = (zy* — 257 )ON |5, = 0. Therefore
the integrals on the line @, as well as the terms at the points lying on these linesall vanish,

Using the condition (2, 2) of stationarity of the functional J , we obtain

kymy
A= 3 [z v) =k v 8 (6.4)
j=kd’
We have v~ = v*at all points z; except g = z°, therefore Eq, (6,4) becomes

d
Al = [h (xo, 2z, V) —k ($°7 Z, v)]de
The surface E minimizes the functional J ,therefore

AI>0 (6. 5)
Since the. point z° is chosen arbitrarily and de > 0 by definition, we can write (6, 5) in
the form h (1‘, 3 V, Vd» p’d) —h (‘7:7 2, U, Vg, Pd) > 0 (6 6)

where V are the admissible control parameters connected by the last set of relations in
(1,2) and pg are the Lagrange multipliers, As the controls Vi {(x) have no additional
conditions imposed on them, we can speak of the necessary Weierstrass condition of the
strong minimum (6, 6),
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